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Abstract 
 The following report is a detailed analysis of a particular six-bar system. Included in the 
report is analysis of position, velocity, and acceleration for each link in the mechanism in 
addition to the calculation of the radius of curvature, the velocity and acceleration of the center 
of curvature of point P. Also, a scale drawing that includes the instant centers of the mechanism 
and analysis based off of it is included. Solving for these variables 
using the Newton Raphson method, the Instant Center method, 
and the Finite Difference method demonstrates how similar 
values can be calculated by focusing on different portions of the 
known information. 
  
Introduction 
 In this mechanism a wheel is rolling, without slip, away 
from a joint 𝑂", and the wheel center rolls from 75 mm from 𝑂" to 
150 mm from 𝑂". The process of doing analysis of this six-bar 
system consists of creating Vector Loops, performing Position 
Analysis, and then using the first and second order kinematic 
coefficients to calculate angular velocity and angular acceleration. 
Point P, the farthest point on link 5 from link 6 (See Figure 1 for 
visual), has a radius of curvature, center of curvature, Unit 
Normal vector, and Unit Tangent vector that are also calculated. 
The following report will walk through each of these steps, 
including all equations used to make these calculations, and all 
results achieved. 
 
 
Six-Bar Analysis 
Vector Loops: 
To complete position analysis of a system, Vector Loops and Vector Loop 
Equations must be created. Vectors in the loops are generally in the direction 
of a particular link and at the length of that same link. For every vector loop 
there can only be two unknowns, or if there are more than two unknowns, 
there must be a constraint to bring the number of unknowns down to two. 
The first vector loop used for analysis is shown in Figure 2. Following the 
loop in a counter-clockwise direction creates the basic vector loop equation:  
 

𝑅" + 𝑅%+	𝑅'' = 0 (Eqn. 1.) 
 
This basic equation can be expanded to read: 
  

𝑅" cos 𝜃" + 𝑅% cos 𝜃% + 𝑅'' cos 𝜃'' = 0 (Eqn. 1a.) 
𝑅" sin 𝜃" + 𝑅% sin 𝜃% + 𝑅'' sin 𝜃'' = 0 (Eqn. 1b.) 

 
 
 
 

Figure	1:	The	mechanism	in	its	original	position 

Figure	2:	Vector	Loop	#1 



	

 
 
 
 
 
Using a similar process, the second vector loop, shown in 
Figure 3., can be used to determine the second vector loop 
equation. Following this loop provides the equation: 
 

𝑅%% + 𝑅0	+	𝑅1 + 𝑅''	+	𝑅2 = 0	(Eqn. 2.). 
 
This equation can be expanded to become: 
 

𝑅%% cos 𝜃%% + 𝑅0 cos 𝜃0 + 𝑅1 cos 𝜃1 + 𝑅'' cos 𝜃'' + 𝑅2 cos 𝜃2 = 0 (Eqn. 2a.) 
𝑅%% sin 𝜃%% + 𝑅0 sin 𝜃0 + 𝑅1 sin 𝜃1 + 𝑅'' sin 𝜃'' + 𝑅2 sin 𝜃2 = 0 (Eqn. 2b.) 

 
Position Analysis: 
Because the problem statement provides the length of 𝑅", 𝑅%, and 𝑅'', and 	𝜃'' will always be 
parallel to the ground (	𝜃'' = 0°), the only unknowns in Eqn. 1a. and Eqn. 1b. are 	𝜃% and 	𝜃". 
Using the Newton-Raphson method, where guesses 
will be updated until values are within a tolerance of 
0.01°,	𝜃% and 	𝜃" are calculated. This method is used 
for all 𝑅'' values from 75mm to 150 mm, and now all 
values in the first vector loop equation are known. In 
Eqn. 2a. and Eqn. 2b., 𝑅%%, 	𝑅0,	𝑅1, 𝑅2, 𝑅'',	𝜃'',and 
	𝜃2 are all known (	𝜃2 = 0°), and	𝜃%% = 	𝜃% + a 
constant because both 	𝜃%%	and 	𝜃% end on the same 
link, therefore having a constant angle value between 
them. This being the case, the only unknowns are 	𝜃0 
and 	𝜃1. Solving numerically,	𝜃0 and 	𝜃1 are calculated 
and all information in Eqn. 2a. and Eqn. 2b. is now 
known. The tabulated data for position analysis as 𝑅' 
moves from 75 mm to 150 mm from	𝑂" can be found in 
Appendix A.1 and the plot of all link positions based off of the input link length is shown in 
Figure 4. As this plot shows, when the length of 𝑅''	increases, the values of 	𝜃% and 	𝜃1	increase, 
while the values of 	𝜃" and 	𝜃0 decrease. None of these plots are truly linear, but 𝜃% for 
75𝑚𝑚 ≤ 𝑅'' ≤ 150𝑚𝑚 appears to be far more linear than the rest of them. 
 
Number of Rotations: 
To determine the number of rotations the wheel will make when 75𝑚𝑚 ≤ 𝑅'' ≤ 150𝑚𝑚 the 
rolling contact equation must be used. 
 

∆𝑅'' = 𝜌'𝜃'	 𝐸𝑞𝑛. 3 . ==> 	𝜃'' =
∆𝑅'
𝜌'

=
75	𝑚𝑚
12.5	𝑚𝑚 = 6

𝑚𝑚
𝑚𝑚 = 343.77°	𝑜𝑟	0.955	𝑟𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑠 

Though the wheel will not complete an entire rotation over the extent of point A’s displacement 
it will get quite close to doing so. 

Figure	4:	Angle	of	Links	vs.	Length	of	Input	Link 

Figure	3:	Vector	Loop	Equation	#2 



	

Kinematic Coefficients: 
To determine the first-order kinematic coefficients for link 3 and 4, the derivatives of Eqn. 1a. 
and Eqn. 1b. are taken and the values in each equation are separated into groups of the two 
unknowns and then a third group of values that are able to be calculated (See Eqn. 4a. and Eqn. 
4b. for an example). 

	−𝑅" sin 𝜃" 𝜃"N − 𝑅% sin 𝜃% 𝜃%N = − cos 𝜃''  (Eqn. 4a.) 
𝑅" cos 𝜃" 𝜃"N + 𝑅% cos 𝜃% 𝜃%N = −sin 𝜃''  (Eqn. 4b.) 

 
−𝑅0 sin 𝜃0 𝜃0N − 𝑅1 sin 𝜃1 𝜃1N = − cos 𝜃'' + 𝑅%% sin 𝜃%% 𝜃%N  (Eqn. 4c.) 
𝑅0 cos 𝜃0 𝜃0N + 𝑅1 cos 𝜃1 𝜃1N = − sin 𝜃'' − 𝑅%% cos 𝜃%% 𝜃%N  (Eqn. 4d.) 

 
Cramer’s Rule is applied to the rearranged equations to 
determine the values of 𝜃%N  and 𝜃"N .  A similar 
calculation is completed for 𝜃0N  and 𝜃1N  using Eqn. 2a. 
and 2b. (See Eqn. 4c. and Eqn. 4d.), and the results for 
𝜃%N , 𝜃"N ,	𝜃0N , and 𝜃1N  over the course of 75𝑚𝑚 ≤ 𝑅'' ≤
150𝑚𝑚 can be found in Appendix A.2. Figure 5 shows 
how 𝜃 changes in all links over the course of the 
machines movement. As 𝑅'' increases, ∆𝜃%	remains 
positive and increases slightly in magnitude over the 
extent of the mechanism’s movement, ∆𝜃" increases in 
magnitude negatively, ∆𝜃0	remains negative but is 
parabolic, and ∆𝜃1	 decreases and moves from a 
positive value to a negative one.  
 

−𝑅" sin 𝜃" 𝜃"NN − 𝑅% sin 𝜃% 𝜃%NN = 𝑅" cos 𝜃" 𝜃"N
' + 𝑅% cos 𝜃% 𝜃%N

' (Eqn. 5a.) 
𝑅" cos 𝜃" 𝜃"NN + 𝑅% cos 𝜃% 𝜃%NN = 𝑅" sin 𝜃" 𝜃"N

' + 𝑅% sin 𝜃% 𝜃%N
'  (Eqn. 5b.) 

 
−𝑅0 sin 𝜃0 𝜃0NN − 𝑅1 sin 𝜃1 𝜃1NN = 𝑅0 cos 𝜃0 𝜃0N

' + 𝑅1 cos 𝜃1 𝜃1N
' + 𝑅%% cos 𝜃%% 𝜃%N

' +	𝑅%% sin 𝜃%% 𝜃%NN	(Eqn.	5c.)	
𝑅0 cos 𝜃0 𝜃0NN + 𝑅1 cos 𝜃1 𝜃1NN = 𝑅0 sin 𝜃0 𝜃0N

' + 𝑅1 sin 𝜃1 𝜃1N
' + 𝑅%% sin 𝜃%% 𝜃%N

' −	𝑅%% cos 𝜃%% 𝜃%NN	(Eqn.	5d.)	
 
A similar process is used to find second-order 
kinematic coefficients. The derivative of the 
derivative equations are taken (See Eqn. 5a., Eqn. 
5b., Eqn. 5c., and Eqn. 5d.) and Cramer’s Rule is 
applied to determine the values of 𝜃%NN, 𝜃"NN,	𝜃0NN and 𝜃1NN. 
The tabulated data of all 𝜃SNN can be found in 
Appendix A.3, and this data can be seen plotted in 
Figure 6. 𝜃%NN and 𝜃"NN begin linear and then break off 
after 𝑅'' crosses the middle point of the move (when 
𝑅''= 112.5 mms), 𝜃%NN becoming positive and 𝜃"NN 
remaining negative. 𝜃0NN on the other hand appears to 
be a cubic function, and 𝜃1NN appears to be a wide 
parabola.  
 
 
 

Figure	5:	Theta'	vs.	Length	of	Input	Link 

Figure	6:	Theta"	vs.	Length	of	Input	Link 



	

Angular Velocity Results: 
The angular velocity of all links other than link 2 can be calculated:   
when 𝑅'' <	112.5 mm by using:                          
            𝜔S = 𝜃SN ∗ 2𝑅(𝑅'' − 0.075) ,		𝑅 = 	0.125	 W

XY
 (Eqn. 6a.) 

or when 𝑅'' ≥ 112.5 mm by using:                       
   𝜔S = 𝜃SN ∗ 2𝑅(𝑅'' − 0.15) , 𝑅 = 	−0.125	

W
XY

 (Eqn. 6b.)   
 
The angular velocity of link 2 can be calculated: 
when 𝑅'' <	112.5 mm by using:                          
            𝜔' = − 2𝑅(𝑅'' − 0.075) ,		𝑅 = 	0.125	 W

XY
  (Eqn. 6c.) 

or when 𝑅'' ≥ 112.5 mm by using:                       
   𝜔' = − 2𝑅(𝑅'' − 0.15) , 𝑅 = 	−0.125	

W
XY

 (Eqn. 6d.)   
 
The results of each link’s angular velocity can be found in 
Appendix A.3, and the plot of each link’s angular velocity 
against the input length is displayed in Figure 7. Each of 
the angular velocity curves have a similar overall shape, 
but 𝜔% and 𝜔1 are positive (they’re moving 
counterclockwise), and 𝜔% and 𝜔" are negative (they’re 
moving clockwise). 𝜔1 has a larger magnitude angular 
velocity than 𝜔% for the majority of the move, and 𝜔0 has 
a larger magnitude angular velocity than 𝜔".  
 
 
Angular Acceleration Results: 
The angular accelerations of links 3, 4, 5 and 6 are calculated using the standard form equation: 
 

𝛼S = 𝜃SNN ∗ 𝑅' + 𝜃SN ∗ 𝑅 (Eqn. 7) 
 

which for R < 112.5 mm is: 
 𝛼S = 2𝜃SNN ∗ 𝑅(𝑅'' − 0.075) + 𝜃SN ∗ 𝑅,		𝑅 = 	0.125	 W

XY
 (Eqn. 7a.) 

and for R ≥ 112.5 mm is: 
 𝛼S = 2𝜃SNN ∗ 𝑅(𝑅'' − 0.15) + 𝜃SN ∗ 𝑅,		𝑅 = 	−0.125	 W

XY
 (Eqn. 7b.) 

 
The angular acceleration of link 2 can be determined by the following this equation where 𝜌	is 
the radius of the wheel. 
when R < 112.5 mm: 
 𝛼' =

\]
^

, 	𝑅 = 	0.125	 W	
XY

 (Eqn. 7c.) 
when R ≥ 112.5 mm is: 
             𝛼' =

\]
^

, 	𝑅 = 	−0.125	 W	
XY

 (Eqn. 7d.) 
 

Figure	7:	Omega	vs.	Length	of	Input	Link 



	

All data for the angular accelerations of the links 
can be found in Appendix A.5., and the plot of 
the angular accelerations in relation to the input 
length can be viewed in Figure 8. As can be seen 
in Figure 8, the links are almost mirrored about 
the midpoint of the move (𝑅''= 112.5 mms). 𝛼% 
and 𝛼"	have a pretty steady low sloped angular 
acceleration change disregarding the discrepancy 
near 112.5 mm, and the curves of 𝛼0 and 𝛼1 
follow the general path of the first two curves 
with less strict edges. 

 
In Figure 9 it is evident that link 2 is rotating 
clockwise (all 𝜔' values are negative) and that 
the acceleration is either -10 _`a

XY
 or 10 _`a

XY
 for 

the majority of the move.  
 
 
 
 
 
 

Finite Distance Method:  
To ensure that the values for 𝜃N and 𝜃NN by the Matlab code are correct, the finite distance method 
can be used to check percentage errors of the code. Below are finite distance checks for the input 
lengths of 𝑅''= 107.5 mm and 𝑅''= 130 mm of the first and second order kinematic coefficients. 
The base equation that will be followed is: 
 

𝜃SN = 	
∆bc

∆dSefghiSjgk
	(Eqn.	8)	

	
Values	needed	to	complete	all	calculations:	
From Appendix A.1.:                 
𝑅''=	105								𝜃% =	114.97				𝜃"=	222.83				𝜃0=	212.76				𝜃1=	309.32					
𝑅''=	110								𝜃% = 117.92				𝜃"=	221.51				𝜃0=	210.59				𝜃1=	314.76 
𝑅''=	127.5					𝜃% = 128.41				𝜃"=	215.99				𝜃0=	202.46				𝜃1=	331.77	
𝑅''=	132.5					𝜃% = 131.54				𝜃"=	214.15				𝜃0=	199.74				𝜃1=	335.98		 
From Appendix A.2.:  
𝑅''=	105								𝜃%N = 0.0102727				𝜃"N=	-0.004436 			𝜃0N=	-0.007579				𝜃1N=	0.019560	
𝑅''=	110								𝜃%N = 0.0102725				𝜃"N=	-0.004817				𝜃0N=-0.007609					𝜃1N=	0.018497       
𝑅''=	127.5					𝜃%N = 0.010797						𝜃"N=	-0.006218			𝜃0N=	-0.009007		𝜃1N=	0.015352	
𝑅''=	132.5					𝜃%N = 0.011127						𝜃"N=	-0.006688			𝜃0N=	-0.010010		𝜃1N=	0.013916		 

Figure	8:	Alpha	vs.	Length	of	Input	Link 

Figure	9:	Angular	Velocity	and	Angular	Acceleration	vs.	Length	of	
Input	Link 



	

 
From Appendix A.3.:  
𝑅''=	130								𝜃%NN = 0.0000658				𝜃"NN=	-0.0000938 			𝜃0NN=	-0.0001986				𝜃1NN=	0.0002827	
∆𝐼𝑛𝑝𝑢𝑡𝐿𝑒𝑛𝑔𝑡ℎ = ∆𝑅'' = 5𝑚𝑚 
	
Check	for	𝑅''= 107.5 mm 
First-Order	Kinematic	Coefficient	Check:	
First, the change in angle must be calculated.  

∆𝜃% = 𝜃% 110 − 𝜃% 105 	=	117.92	–	114.97	=	2.95	degrees	
∆𝜃" = 𝜃" 110 − 𝜃" 105	 	=	221.51	–	222.83	=	-2.17	degrees	
∆𝜃0 = 𝜃0 110 − 𝜃0 105	 	=	210.59	–	212.76	=	-1.09	degrees	
∆𝜃1 = 𝜃1 110 − 𝜃1 105	 	=	314.76	–	309.32	=	5.44	degrees	

The	change	in		angle	is	then	turned	into	radians	and	divided	by	the	change	in	input	length.

𝜃%N = 	
∆b�∗(

�
���)

∆]YY
= 	 �.�02"�	_`a

0	WW
= 0.010297	_`a

WW
	

𝜃"N = 	
∆b�∗(

�
���)

∆]YY
= 	 \�.�'%�"	_`a

0	WW
	=	-0.004671	_`a

WW
	

𝜃0N = 	
∆b�∗(

�
���)

∆]YY
= 	 \�.�%���	_`a

0	WW
= −0.007575	_`a

WW
	

𝜃1N = 	
∆b�∗(

�
���)

∆]YY
= 	 �.��"�0	_`a

0	WW
= 0.018989	_`a

WW
	

Finally,	each	calculated	𝜃N	value	is	compared	to	the	𝜃N	value	given	to	Appendix	A.2.	to	
determine	the	percentage	error	of	each	calculation.	

𝜃%N 𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 = 0.0103	 _`a
WW

										Error	=	0.025%	

𝜃"N 𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 = −0.0046	 _`a
WW

							Error	=	0.166%	

𝜃0N 𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 = −0.0076		 _`a
WW

						Error	=	0.333%	

𝜃1N 𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 = 0.0190	 _`a
WW

										Error	=	0.057%	
As	all	percentage	errors	are	quite	small,	a	similar	process	is	followed	using	the	𝜃N	values	
from	the	Matlab	code	can	be	deemed	to	be	running	correctly.		
	
Second-Order	Kinematic	Coefficient	Check:	

∆𝜃%N = 𝜃%N 110 − 𝜃%N 105 	=	0.0102725	–0.0102727=	-2*10^-7	rad/mm	
∆𝜃"N = 𝜃"N 110 − 𝜃"N 105	 	=	-0.004817–	(-0.004436)=	-3.81*10^-4	rad/mm	
∆𝜃0N = 𝜃0N 110 − 𝜃0N 105	 	=	-0.007609–	(-0.007579)	=	-3*10^-5	rad/mm	
∆𝜃1N = 𝜃1N 110 − 𝜃1N 105	 	=	0.018497–	0.019560=	-0.001063	rad/mm

	

𝜃%NN = 	
∆𝜃%N

∆𝑅''
= 	
−2 ∗ 10\�𝑟𝑎𝑑/𝑚𝑚	

5	𝑚𝑚 = −4 ∗ 10^ − 8	
𝑟𝑎𝑑
𝑚𝑚'	

𝜃′"N = 	
∆b�¥

∆]YY
= 	 \%.�2∗2�^\"		_`a/WW

0	WW
	=	-0.004671	_`a

WW
	

𝜃0NN = 	
∆𝜃0N

∆𝑅''
= 	
−3 ∗ 10^ − 5	𝑟𝑎𝑑/𝑚𝑚

5	𝑚𝑚 =	−6 ∗ 10^ − 6	
𝑟𝑎𝑑
𝑚𝑚	

𝜃1NN = 	
∆b�¥

∆]YY
= 	 \�.��2�1%	¦§¨/©©

0	WW
= −2.126 ∗ 10^ − 4	_`a

WW
	



	

𝜃′%N 𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 = −0.000000036	 _`a
WW

						Error	=	10.00%	

𝜃"NN 𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 = −0.000076067	 _`a
WW

							Error	=	0.175%	

𝜃0NN 𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 = −0.000006113		 _`a
WW

						Error	=	1.849%	

𝜃1NN 𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 = −0.000211736	 _`a
WW

							Error	=	0.408%	
Once	again,	all	error	values	are	quite	small.	The	percentage	error	for	𝜃′%N 	is	allowable	
because	the	value	itself	is	so	small	that	it	would	be	very	difficult	to	be	exact.	
	
Check	for	𝑅''= 130 mm 
First-Order	Kinematic	Coefficient	Check:	

∆𝜃% = 𝜃% 132.5 − 𝜃% 127.5 	=	131.54		–	128.41=	3.13	degrees	
∆𝜃" = 𝜃" 132.5 − 𝜃" 127.5	 	=	214.15	–	215.99	=	-1.84	degrees	
∆𝜃0 = 𝜃0 132.5 − 𝜃0 127.5	 	=	199.74	–	202.46	=	-2.72	degrees	
∆𝜃1 = 𝜃1 132.5 − 𝜃1 127.5 	=	335.98		–	331.77	=	4.21	degrees

𝜃%N = 	
∆𝜃% ∗

𝜋
180

∆𝑅''
= 	
0.05463	𝑟𝑎𝑑

5	𝑚𝑚 = 0.010926	
𝑟𝑎𝑑
𝑚𝑚	

𝜃"N = 	
∆b�∗(

�
���)

∆]YY
= 	 \�.�%'22"	_`a

0	WW
	=	-0.006423	_`a

WW
	

𝜃0N = 	
∆𝜃0 ∗ (

𝜋
180)

∆𝑅''
= 	
−0.047473	𝑟𝑎𝑑

5	𝑚𝑚 =	−0.009495	
𝑟𝑎𝑑
𝑚𝑚	

𝜃1N = 	
∆b�∗(

�
���)

∆]YY
= 	 �.��%"��	_`a

0	WW
= 0.014696	_`a

WW
	

	
𝜃%N 𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 = 0.0109	 _`a

WW
						Error	=	0.236%	

𝜃"N 𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 = −0.0064	 _`a
WW

				Error	=	0.355%	

𝜃0N 𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 = −0.0095	 _`a
WW

				Error	=	0.057%	

𝜃1N 𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 = 0.0147	 _`a
WW

							Error	=	0.029%	
	
Second-Order	Kinematic	Coefficient	Check:	

∆𝜃%N = 𝜃%N 132.5 − 𝜃%N 127.5 	=	0.011127	–0.010797	=	3.3*10^-4	rad/mm	
∆𝜃"N = 𝜃"N 132.5 − 𝜃"N 127.5	 	=	-0.006688–	(-0.006218)	=	-4.7*10^-4	rad/mm	
∆𝜃0N = 𝜃0N 132.5 − 𝜃0N 127.5 	=	-0.010010	–	(-0.009007)	=	-0.001003	rad/mm	
∆𝜃1N = 𝜃1N 132.5 − 𝜃1N 127.5	 	=		0.013916	–	0.015352	=	-0.001436	rad/mm



	

𝜃%NN = 	
∆𝜃%N

∆𝑅''
= 	
3.3 ∗ 10^ − 4		rad/mm

5	𝑚𝑚 = 6.6^ − 5	
𝑟𝑎𝑑
𝑚𝑚'	

𝜃′"N = 	
∆b�¥

∆]YY
= 	 \".�∗2�^\"		¦§¨/©©

0	WW
	=	-9.4*10^-5	_`a

WW
	

𝜃0NN = 	
∆𝜃0N

∆𝑅''
= 	
−0.001003		rad/mm

5	𝑚𝑚 =	−2.006 ∗ 10^ − 4	
𝑟𝑎𝑑
𝑚𝑚	

𝜃1NN = 	
∆b�¥

∆]YY
= 	 \�.��2"%1	¦§¨/©©

0	WW
= −2.872 ∗ 10^ − 4	_`a

WW
	

	
𝜃′%N 𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 = 0.0000658	 _`a

WW
								Error	=	0.304%	

𝜃"NN 𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 = −0.0000938	 _`a
WW

					Error	=	0.213%	

𝜃0NN 𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 = −0.0001986		 _`a
WW

				Error	=	1.007%	

𝜃1NN 𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 = −0.0002827	 _`a
WW

					Error	=	1.592% 
 
Because all percentage error values are relatively small, the Newton-Raphson results agree well 
with the finite difference values, and therefore the values are being calculated correctly. 
 
Point P Analysis 
Position Analysis: 
The point P is at the end of link 5 is attached to ground through link 6. Therefore, the position 
vector of point P can be written as: 
 

𝑅« + 𝑅0 + 𝑅1 = 0 (Eqn. 9.) 
 

where 𝑅« can be separated into its X and Y components: 
𝑋e = −2𝑅0 cos 𝜃0 − 𝑅1 cos 𝜃1  (Eqn. 9a.) 
𝑌e = −2𝑅0 sin 𝜃0 − 𝑅1 sin 𝜃1  (Eqn. 9b.) 
 

The value of 𝑅0	is multiplied by 2 because 
the length from 𝑂' to point P is twice the 
distance being called 𝑅0. The position data 

Figure	10:	Position	of	P	vs.	Length	of	Input	Link 

Figure	11:	Path	of	Point	P 



	

	

for point P can be found in Appendix A.6.. Figure 10 shows the relationship of value between 𝑋e 
and 𝑌e while Figure 11 shows the path of point P. 𝑋e and 𝑌e have an inverse relationship which 
makes point P’s path appear almost linear.  
 
Minimum and Maximum Position Values: 
When 𝑅'' = 75 mm, 𝑋e is at a minimum 
displacement of 203.17 mm, and 𝑌e is at a 
maximum displacement of 291.29 mm. In addition, 
when 𝑅'' = 150 mm, 𝑋e is at a maximum 
displacement of 239.45 mm, and 𝑌e is at a 
minimum displacement of 45.97 mm (All values 
from Appendix A.6.) 
 
Kinematic Coefficients: 
The First-Order Kinematic Coefficients for point 
P’s movement can be calculated by taking the 
derivative of Eqn. 9a. and Eqn. 9b which gives the 
equations: 
 
𝑋eN = 2𝑅0 sin 𝜃0 𝜃0N + 𝑅1 sin 𝜃1 𝜃1N  (Eqn. 10a.) 
𝑌eN = −2𝑅0 cos 𝜃0 𝜃0N − 𝑅1 cos 𝜃1 𝜃1N  (Eqn. 10b.) 
 
As seen in Figure 12., 𝑋eN  has slight cubic shape 
while 𝑌eN is parabolic. 𝑅N in the X direction is also a 
very small number in comparison to 𝑅N in the Y 
direction where the First-Order Kinematic 
Coefficients range from a minimum of -2.5 mm/mm 
to a maximum of -7 mm/mm during the move. The 
tabulated results for the First-Order Kinematic 
Coefficients of P can be found in Appendix A.6..  
  
Second-Order Kinematic Coefficients for point P’s 
movement can be calculated by taking the derivative 
of Eqn. 10a. and Eqn. 10b which gives the equations: 
 
𝑋eNN = 2𝑅0 cos 𝜃0 𝜃0N

' +2𝑅0 sin 𝜃0 𝜃0NN + 𝑅1 cos 𝜃1 𝜃1N
' + 𝑅1 sin 𝜃1 𝜃1NN (Eqn. 11a.) 

𝑌eNN = 2𝑅0 sin 𝜃0 𝜃0N
' −2𝑅0 cos 𝜃0 𝜃0NN + 𝑅1 sin 𝜃1 𝜃1N

' − 𝑅1 cos 𝜃1 𝜃1NN (Eqn. 11b.) 
 
The results of these values can also be found in Appendix A.6., and the plot of these values 
based on the input length and 𝑅''N ’s value shown in Figure 13. The figure shoes that the Second-
Order Kinematic Coefficient of point P’s position in X has a large slope at the beginning and end 
of the move, but in the middle of the move the Second-Order Kinematic Coefficient in the X 
direction is almost constant near 0. In comparison, the Second-Order Kinematic Coefficient of 
point P’s position in the Y direction begins positively with a steep downward slope, crosses 
through 0 with a low slope, and then increases in slope magnitude once it is negative.  

Figure	12:	Position’	vs.	Length	of	Input	Link 

Figure13:	Position”	vs.	Length	of	Input	Link 



	

	

 
 
Unit Tangent and Unit Normal Vectors: 
To find the Unit Tangent and Unit Normal vectors of point P at all times, it is necessary to first 
determine 𝑅eN  using the standard formula: 

𝑅eN = 	 𝑋eN + 𝑌eN (Eqn. 12) 
After 𝑅eN  is calculated, Unit Tangent and Unit Normal Vectors in their X and Y components can 
be calculated using these equations: 
𝑈𝑡¯ =

°±¥

]±¥
 (Eqn. 13a.) 

𝑈𝑡² =
³±¥

]±¥
 (Eqn. 13b.) 

𝑈𝑛¯ =
\³±¥

]±¥
 (Eqn. 13c.) 

𝑈𝑛² =
°±¥

]±¥
 (Eqn. 13d.) 

The tabulated data for the Unit Tangent and Unit Normal vectors of point P can be found in 
Appendix A.7. As shown by the plot in Figure 14 and Figure 15, Eqn. 13a. and Eqn. 13d. are the 
same exact calculation, while Eqn. 13b. gives a value very close to -1and Eqn. 13c. gives a value 
very close to +1.  

 

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure	14:	Unit	Tangent	Vectors	of	Point	P 	Figure	15:	Unit	Normal	Vectors	of	Point	P	 



	

	

 
Radius of Curvature and Center of Curvature: 
The Radius of Curvature of point P can be determined by using the standard Radius of Curvature 
formula: 

𝜌´ =
]±¥

�

°±¥ ∗³±¥¥\°±¥¥∗³±¥
 (Eqn. 14) 

 
The values for the Radius of Curvature of point P as 
the length of 𝑅'' changes can be found in Appendix 
A.8. Below, Figure 16 shows how the radius of 
curvature changes. There is a dramatic shift in radius 
of curvature just after	𝑅'' becomes larger than 90 
mm, and there is another dramatic shift when 𝑅'' is 
about 138 mm in length. These shifts are most likely 
due to a rocking motion in one of the links that 
would cause the radius of curvature to flip signs. 
 
The Center of Curvature of point P is found by using 
the position analysis of point P, the Unit Normal Vector, and Radius of Curvature. The following 
equation describes the relationship. 
 

𝑋´´ = 	𝑋e +	𝜌´ ∗ 𝑈𝑛¯ (Eqn. 15a.) 
𝑌 ´ = 	𝑌e +	𝜌´ ∗ 𝑈𝑛²	(Eqn. 15b.) 

 
All recorded values for the center of curvature for 
75𝑚𝑚 ≤ 𝑅'' ≤ 150𝑚𝑚 can be found in Appendix 
A.8. Figure 17 describes the dependence of the on  
center of curvature on 𝑅''N ’s length and Figure 18 shows 
the relationship between the X and Y components of the 
center of curvature. Similar to the radius of curvature, 
there are discrepancies in the path when 𝑅'' is either at 
approximately 90 mm or 138 mm. 

 
 

 
 
 
 
 
 
 
 
 

Figure	17:	Center	of	Curvature	dependence	on	Length	of	Input	Link 

Figure	16:	Radius	of	Curvature	dependence	on	Length	of	Input	
Link 

Figure	18:	Center	of	Curvature 



	

	

 
Velocity Analysis: 
The velocity of point P can be determined by the base formula: 

𝑉e = 𝑅eN ∗ 𝑅 (Eqn. 16) 
which when split into its components can be written more specifically as: 
 
(when 𝑅'' < 112.5 mm) 
 𝑉e¯ = 𝑋eN ∗ 2𝑅 ∗ (𝑅'' − 0.075)  (Eqn. 16a.) where 𝑅 = 0.125	 W

XY
 

 
 𝑉e² = 𝑌eN ∗ 2𝑅 ∗ (𝑅'' − 0.075)  (Eqn. 16b.) where 𝑅 = 0.125	 W

XY
 

 
(when 𝑅'' ≥ 112.5 mm) 
 𝑉e¯ = 𝑋eN ∗ 2𝑅 ∗ (𝑅'' − 0.15)  (Eqn. 16c.) where 𝑅 = −0.125	 W

XY
 

 𝑉e² = 𝑌eN ∗ 2𝑅 ∗ (𝑅'' − 0.15)  (Eqn. 16d.) where 𝑅 = −0.125	 W
XY

 
 
The velocity data of point P as 𝑅'' moves from 75 mm 
to 150 mm in length can be found in Appendix A.9. 
Figure 19 shows that the system begins at 0 mm/s for 
both X and Y, and over the course of the movement, 
the velocity in the X direction is positive while the 
velocity in the Y direction is negative. Both values 
come back to zero at the end of the move, and the 
magnitude of every Vy value larger than the 
magnitude of its corresponding Vx value. 
 
Acceleration Analysis: 
The acceleration of point P is determined by the base 
formula: 

𝐴e = 𝑅eN ∗ 𝑅 + 𝑅eNN ∗ 𝑅 (Eqn. 17) 
 
which when split into its components can be written more specifically as: 
 
(when 𝑅'' < 112.5 mm) 
𝐴e¯ = 𝑋eN ∗ 𝑅 + 𝑋eNN ∗ 2𝑅 ∗ (𝑅'' − 0.075)  (Eqn. 17a.) where 𝑅 = 0.125	 W

XY
 

𝐴e² = 𝑌eN ∗ 𝑅 + 𝑌eNN ∗ 2𝑅 ∗ (𝑅'' − 0.075)  (Eqn. 17b.) where 𝑅 = 0.125	 W
XY

 
 
(when 𝑅'' ≥ 112.5 mm) 
𝐴e¯ = 𝑋eN ∗ 𝑅 + 𝑋eNN ∗ 2𝑅 ∗ (𝑅'' − 0.15)  (Eqn. 17c.) where 𝑅 = −0.125	 W

XY
 

𝐴e² = 𝑌eN ∗ 𝑅 + 𝑌eNN ∗ 2𝑅 ∗ (𝑅'' − 0.15) (Eqn. 17d.) where 𝑅 = −0.125	 W
XY

 
 
 
 

Figure	19:	Velocity	of	Point	P 



	

	

The acceleration data for point P during this 
move can be found in Appendix A.9. Figure 20 
shows the relationship between the acceleration 
of point P in X and Y, and the input length of 
𝑅''. 𝐴¯ begins positive and 𝐴² begins negative, 
but at the end of the move	𝐴¯ is negative and 
𝐴²is positive.  
 
 
 
 
 
 
 
 
Instant Center Method Analysis 

Position Analysis:	
In this six-bar mechanism, the number of instant 
centers can be determined using the following 
equation: 
 
𝑁 = S(S\2)

'
 (Eqn. 18) = 1(1\2)

'
=15 

where n is the number of links, and N is the 
number of instant centers. This equation states 
that there must be 15 instant centers, and it can be 
easily determined that 7 of these 15 instant 
centers are primary. The primary instant centers 
are 𝐼2', 𝐼2",	𝐼21, 𝐼'%, 𝐼%", 𝐼%0, and 𝐼01, and the 
secondary instant centers are 𝐼2%, 𝐼20,	𝐼'", 𝐼'0, 
𝐼'1,	𝐼%1, 𝐼"0, and 𝐼"1. 
 
Kinematic Coefficient Results:	
To check the values of the First-Order Kinematic 
Coefficients, the following equations are used:  

Figure	21:	Instant	Centers	of	Mechanism	(Scale:	1”=2”)		

𝜃'N = −0.08	𝑟𝑎𝑑/𝑚𝑚						𝜃%N =
d�YdY�
d��dY�

(Eqn.	18a.)							𝜃"N =
d�YdY�
d��dY�

(Eqn.	18b.)		

																				𝜃0N =
d�YdY�
d��dY�

	(Eqn.	18c.)						𝜃1N =
d�YdY�
d��dY�

(Eqn.	18d.)					
 

From Appendix A.2: 
𝜃%N= 0.0119 rad/mm  	𝜃"N= -0.0015 rad/mm 		𝜃0N= -0.0205 rad/mm 		𝜃1N= 0.0560 rad/mm.  
 
 
 
 

Figure	20:	Acceleration	of	Point	P 



	

	

The Instant Centers method calculates these first-order kinematic coefficients as: 
 
𝜃%N =

\d�YdY�
d��dY�

𝜃'N = 	
\2'.0�%	
�%.11�1	

∗ −0.08 = 0.012	 WW
WW

           Error = 0.83% 

𝜃"N =
d�YdY�
d��dY�

			𝜃'N =
\2.%'��
�1.���"

∗ −0.08 = −0.00137  WW
WW

    Error = 8.5% 

𝜃0N =
d�YdY�
d��dY�

			𝜃'N =
2��.�2�'
"2%.2�01

∗ −0.08 = −0.0207	 WW
WW

     Error = 0.97%. 

𝜃1N =
d�YdY�
d��dY�

			𝜃'N =
�'.�1��
2%'.2�21

∗ −0.08 = −0.0561	 WW
WW

     Error = 0.18%. 
 
Once again the percentage error values are quite small. This is good, because it means that the 
Matlab program is calculating correctly because it agrees with the Instant Centers method.  
 
Velocity Results: 
It is necessary to find the distance from point P to the instant center of link 5. Using the Instant 
Center drawing (Figure 21.) this distance can be measured in its components. 
 
Vp(From Analytical method) = 18.653i -207.02j= 207.86 mm/s 
Vp(From the Instant Center method) = 𝐼20𝐼«=164.64i+61.011j=175.6156 mm/s 
 
Error = 15.51% 
 
The error is still relatively small, and therefore it can  be determined that velocity is being 
calculated correctly in the Matlab program.

 
Significance of Results: 
The largest issue with the current design is that the equations for 𝑅	𝑎𝑛𝑑	𝑅 flip in sign when 
𝑅''	= 112.5 mm. This causes violent changes that are seen on plots above, and in application it 
would significantly reduce the mechanisms ability and efficiency. If the mechanism could be 
developed to have 𝑅	𝑎𝑛𝑑	𝑅 equations such that one would fade nicely into the other, the 
mechanism would have a much smoother motion. By completing the analysis in Newton 
Raphson, the Instant Center method, and then using finite differences to check both of them, it 
suggests that calculations being completed by the Matlab program are correct. It is important to 
know how altering a variable can change other aspects of a design, and that altering a variable 
can affect a mechanisms movement greatly. Another check to verify results might be to build a 
small-scale prototype and take measurements to see if the mechanism will work as expected or 
use some sort of modeling software to complete a similar process. Over the course of this 
assignment I have learned a lot about how to work with systems that have a lot of components, 
and how to alter these links to help a machine work better. I also learned a lot about 
programming in Matlab. In real world machine design, all of these tools will be quite useful as 
they provide a basis to being questioning with when there is a new design needing to be created.  
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Appendix 
 
A.1 
----------------------------------------------------------- 
𝑅'':										𝜃%:														𝜃":													𝜃0:														𝜃1:								
(mm)		(degrees)		(degrees)		(degrees)			(degrees)		
	

	75.0						96.38								228.19							229.94						260.71		
	77.5						98.07								227.95							227.43						267.69		
	80.0						99.72								227.67							225.45						273.35		
	82.5						101.33						227.34							223.77						278.26		
	85.0						102.92						226.97							222.26						282.66		
	87.5						104.48						226.57							220.89						286.69		
	90.0						106.02						226.13							219.60						290.43		
	92.5						107.54						225.65							218.38						293.96		
	95.0						109.05						225.15							217.20						297.29		
	97.5						110.54						224.61							216.06						300.47		
100.0					112.02						224.05							214.95						303.53		
102.5					113.50						223.46							213.85						306.47		
105.0					114.97						222.83							212.76						309.32		
107.5					116.45						222.18							211.68						312.08		
110.0					117.92						221.51							210.59						314.76		
112.5					119.39						220.80							209.50						317.38		
115.0					120.87						220.07							208.39						319.93		
117.5					122.35						219.32							207.27						322.42		
120.0					123.84						218.53							206.12						324.85		
122.5					125.35						217.71							204.94						327.23		
125.0					126.87						216.87							203.72						329.54		
127.5					128.41						215.99							202.46						331.77		
130.0					129.96						215.09							201.13						333.93		
132.5					131.54						214.15							199.74						335.98		
135.0					133.15						213.17							198.26						337.90		
137.5					134.79						212.16							196.66						339.65		
140.0					136.47						211.10							194.92						341.16		
142.5					138.19						210.00							192.97						342.32		
145.0					139.95						208.85							190.76						342.99		
147.5					141.78						207.65							188.16						342.93		
150.0					143.66						206.38							185.06						341.81	
	

A.2	
----------------------------------------------------------------	
𝑅'':												𝜃%K :												𝜃"K :														𝜃0K :												𝜃1K :	
(𝑚𝑚)													(

𝑟𝑎𝑑
𝑚𝑚

)														(
𝑟𝑎𝑑
𝑚𝑚

)																(
𝑟𝑎𝑑
𝑚𝑚

)														(
𝑟𝑎𝑑
𝑚𝑚

)		

	75.0						0.0119					-0.0015						-0.0205					0.0560		
	77.5						0.0116					-0.0018						-0.0152					0.0432		
	80.0						0.0114					-0.0021						-0.0126					0.0365		
	82.5						0.0112					-0.0024						-0.0111					0.0323		
	85.0						0.0110					-0.0027						-0.0100					0.0293		
	87.5						0.0108					-0.0030						-0.0093					0.0271		
	90.0						0.0107					-0.0032						-0.0087					0.0253		
	92.5						0.0106						-0.0034					-0.0083					0.0239		
	95.0						0.0105						-0.0036					-0.0081					0.0227		
	97.5						0.0104						-0.0038					-0.0079					0.0217		
100.0					0.0103						-0.0040					-0.0077					0.0209		
102.5					0.0103						-0.0042					-0.0076					0.0202		
105.0					0.0103						-0.0044					-0.0076					0.0196		
107.5					0.0103						-0.0046					-0.0076					0.0190		
110.0					0.0103						-0.0048					-0.0076					0.0185		
112.5					0.0103						-0.0050					-0.0077					0.0180		
115.0					0.0103						-0.0052					-0.0078					0.0176		
117.5					0.0104						-0.0054					-0.0079					0.0172		
120.0					0.0105						-0.0056					-0.0081					0.0168		
122.5					0.0106						-0.0058					-0.0084					0.0163		
125.0					0.0107						-0.0060					-0.0086					0.0159		
127.5					0.0108						-0.0062					-0.0090					0.0154		
130.0					0.0109						-0.0064					-0.0095					0.0147		
132.5					0.0111						-0.0067					-0.0100					0.0139		
135.0					0.0113						-0.0069					-0.0107					0.0129		
137.5					0.0116						-0.0072					-0.0116					0.0115		
140.0					0.0118						-0.0075					-0.0128					0.0095		
142.5					0.0122						-0.0078					-0.0144					0.0066		
145.0					0.0125						-0.0082					-0.0166					0.0024		
147.5					0.0129						-0.0086					-0.0197				-0.0037		
150.0					0.0134						-0.0091					-0.0239				-0.0125	
        

 
 
 
 
 
 
 
 
 



A.3 
----------------------------------------------------------------	
𝑅'':											𝜃%KK:										𝜃"KK:														𝜃0KK:														𝜃1KK:	
(𝑚𝑚)												(

𝑟𝑎𝑑
𝑚𝑚')											(

𝑟𝑎𝑑
𝑚𝑚')															(

𝑟𝑎𝑑
𝑚𝑚')															(

𝑟𝑎𝑑
𝑚𝑚')		

75.0				-0.00012			-0.00014					0.00321				-0.00776			
77.5					-0.00011		-0.00013					0.00139				-0.00347				
80.0					-0.00009		-0.00012					0.00079				-0.00206			
82.5					-0.00008		-0.00011					0.00051				-0.00140			
85.0					-0.00007		-0.00010					0.00035				-0.00102			
87.5					-0.00006		-0.00010					0.00025				-0.00079			
90.0					-0.00005		-0.00009					0.00018				-0.00063			
92.5					-0.00004		-0.00009					0.00013				-0.00051			
95.0					-0.00003		-0.00009					0.00010				-0.00043			
97.5					-0.00003		-0.00008					0.00007				-0.00036		
100.0			-0.00002		-0.00008					0.00005				-0.00031		
102.5			-0.00001		-0.00008					0.00003				-0.00027			
105.0			-0.00001		-0.00008					0.00001				-0.00024			
107.5			-0.00000		-0.00008				-0.00001				-0.00021			
110.0				0.00001			-0.00008			-0.00002				-0.00019			
112.5				0.00001			-0.00008			-0.00004				-0.00018			
115.0				0.00002			-0.00008			-0.00005				-0.00017			
117.5				0.00003			-0.00008			-0.00007				-0.00016			
120.0				0.00003			-0.00008			-0.00008				-0.00017			
122.5				0.00004			-0.00008			-0.00010				-0.00018			
125.0				0.00005			-0.00009			-0.00013				-0.00020			
127.5				0.00006			-0.00009			-0.00016				-0.00023			
130.0				0.00007				-0.00009		-0.00020				-0.00028			
132.5				0.00008			-0.00010			-0.00025				-0.00036			
135.0				0.00009			-0.00011			-0.00032				-0.00048			
137.5				0.00010			-0.00011			-0.00041				-0.00067			
140.0				0.00012			-0.00012			-0.00055				-0.00094			
142.5				0.00013			-0.00014			-0.00075				-0.00137			
145.0				0.00016			-0.00015			-0.00103				-0.00201			
147.5				0.00018			-0.00017			-0.00143				-0.00294			
150.0				0.00022			-0.00019			-0.00192				-0.00416	

A.4 
--------------------------------------------------------------	
𝑅'':									𝜔':									𝜔%:									𝜔":									𝜔0:								𝜔1:	
(mm)				(rad/s)			(rad/s)			(rad/s)			(rad/s)			(rad/s)		
	

	75.0					-0.000					0.000				-0.000				-0.000				0.000		
	77.5					-2.000					0.291				-0.046				-0.381				1.079	
	80.0					-2.828					0.403				-0.076				-0.447				1.291		
	82.5					-3.464					0.484				-0.105				-0.479				1.398		
	85.0					-4.000					0.549				-0.135				-0.500				1.465		
	87.5					-4.472					0.605				-0.165				-0.518				1.513		
	90.0					-4.899					0.654				-0.195				-0.535				1.550		
	92.5					-5.292					0.699				-0.226				-0.552				1.581		
	95.0					-5.657					0.740				-0.257				-0.570				1.607		
	97.5					-6.000					0.780				-0.288				-0.589				1.631		
100.0				-6.325					0.817				-0.320				-0.610				1.653		
102.5				-6.633					0.854				-0.352				-0.632				1.674		
105.0				-6.928					0.890				-0.384				-0.656				1.694		
107.5				-7.211					0.925				-0.417				-0.683				1.713		
110.0				-7.483					0.961				-0.451				-0.712				1.730		
112.5				-7.746					0.997				-0.485				-0.744				1.746		
115.0				-7.483					0.967				-0.486				-0.728				1.647		
117.5				-7.211					0.937				-0.486				-0.715				1.549		
120.0				-6.928					0.906				-0.484				-0.703				1.453		
122.5				-6.633					0.875				-0.480				-0.693				1.356		
125.0				-6.325					0.843				-0.474				-0.684				1.256		
127.5				-6.000					0.810				-0.466				-0.676				1.151		
130.0				-5.657					0.774				-0.456				-0.668				1.041		
132.5				-5.292					0.736				-0.442				-0.662				0.920		
135.0				-4.899					0.694				-0.425				-0.656				0.788		
137.5				-4.472					0.647				-0.404				-0.650				0.640		
140.0				-4.000					0.592				-0.376				-0.641				0.473		
142.5				-3.464					0.526				-0.340				-0.625				0.286		
145.0				-2.828					0.443				-0.290				-0.588				0.086		
147.5				-2.000					0.324				-0.215				-0.492			-0.092		
150.0				-0.000					0.000				-0.000				-0.000			-0.000

 
 
 
 
 
 
 
 
 
 
 
 



A.5	
----------------------------------------------------------------	
𝑅'':								𝛼':									𝛼%:												𝛼":									𝛼0:								𝛼1:		
𝑚𝑚 								

𝑟𝑎𝑑
𝑠'

								
𝑟𝑎𝑑
𝑠'

											
𝑟𝑎𝑑
𝑠'

									
𝑟𝑎𝑑
𝑠'

							
𝑟𝑎𝑑
𝑠'

			

75.0				-10.00					1.491					-0.186				-2.560				7.003		
77.5				-10.00					1.388					-0.310				-1.039				3.228		
80.0				-10.00					1.307					-0.417				-0.596				1.991		
82.5				-10.00					1.244					-0.512				-0.435				1.419		
85.0				-10.00					1.198					-0.598				-0.382				1.109		
87.5				-10.00					1.166					-0.676				-0.383				0.927		
90.0				-10.00					1.146					-0.748				-0.412				0.817		
92.5				-10.00					1.137					-0.815				-0.461				0.750		
95.0				-10.00					1.138					-0.880				-0.522				0.711		
97.5				-10.00					1.149					-0.943				-0.595				0.689		
100.0		-10.00					1.169					-1.005				-0.678				0.678		
102.5		-10.00					1.198					-1.067				-0.771				0.672		
105.0		-10.00					1.236					-1.131				-0.877				0.666		
107.5		-10.00					1.283					-1.196				-0.997				0.655		
110.0		-10.00					1.339					-1.265				-1.133				0.632		
112.5			10.00				-1.168					-0.087					0.628			-3.919		
115.0			10.00				-1.124					-0.022					0.533			-3.673		
117.5			10.00				-1.089						0.040					0.452			-3.486		
120.0			10.00				-1.062						0.100					0.383			-3.350		
122.5			10.00				-1.044						0.158					0.324			-3.261		
125.0			10.00				-1.033						0.217					0.272			-3.217		
127.5			10.00				-1.032						0.276					0.227			-3.215		
130.0			10.00				-1.040						0.337					0.189			-3.253		
132.5			10.00				-1.057						0.401					0.160			-3.325		
135.0			10.00				-1.087						0.470					0.146			-3.419		
137.5			10.00				-1.130						0.545					0.160			-3.510		
140.0			10.00				-1.188						0.628					0.227			-3.542		
142.5			10.00				-1.266						0.724					0.402			-3.392		
145.0			10.00				-1.369						0.836					0.789			-2.817		
147.5			10.00				-1.503						0.969					1.567			-1.377		
150.0			10.00				-1.680						1.133					2.982				1.564	
	

A.6	
----------------------------------------------------------------	
𝑅'':						Xp:									Yp:								Xp':			Yp':					Xp":						Yp":	
(𝑚𝑚)				 𝑚𝑚 							 𝑚𝑚 					(

𝑚𝑚
𝑚𝑚

)		(
𝑚𝑚
𝑚𝑚

)		(
𝑚𝑚
𝑚𝑚')				(

𝑚𝑚
𝑚𝑚')		

75.0			203.17			291.29		1.25		-3.39		-0.370			0.251		
77.5			205.46			283.39		0.67		-2.98		-0.141			0.105		
80.0			206.79			276.20		0.42		-2.79		-0.068			0.056		
82.5			207.67			269.37		0.30		-2.69		-0.036			0.032		
85.0				208.32		262.74		0.23		-2.62		-0.018			0.019		
87.5				208.86		256.23		0.20		-2.59		-0.008			0.010		
90.0				209.34		249.79		0.19		-2.57		-0.002			0.003		
92.5				209.81		243.36		0.19		-2.57			0.002		-0.001		
95.0				210.30		236.93		0.20		-2.58			0.005		-0.005		
97.5				210.81		230.47		0.22		-2.59			0.007		-0.008		
100.0		211.38		223.96		0.24		-2.62			0.009		-0.011		
102.5		211.99		217.37		0.26		-2.65			0.010		-0.014		
105.0		212.67		210.71		0.29		-2.69			0.011		-0.016		
107.5		213.42		203.94		0.31		-2.73			0.011		-0.018		
110.0		214.23		197.06		0.34		-2.78			0.012		-0.021		
112.5		215.12		190.04		0.37		-2.84			0.012		-0.024		
115.0		216.09		182.88		0.40		-2.90			0.013		-0.026		
117.5		217.14		175.55		0.44		-2.97			0.013		-0.029		
120.0		218.26		168.04		0.47		-3.05			0.014		-0.033		
122.5		219.48		160.31		0.50		-3.13			0.014		-0.037		
125.0		220.79		152.36		0.54		-3.23			0.015		-0.042		
127.5		222.18		144.15		0.58		-3.34			0.016		-0.048		
130.0		223.68		135.64		0.62		-3.47			0.016		-0.055		
132.5		225.28		126.78		0.66		-3.62			0.017		-0.065		
135.0		226.98		117.52		0.71		-3.80			0.018		-0.077		
137.5		228.80		107.77		0.75		-4.01			0.019		-0.094		
140.0		230.74			97.41			0.80		-4.28			0.019		-0.118		
142.5		232.80			86.32			0.85		-4.61			0.018		-0.152		
145.0		234.96			74.28			0.89		-5.05			0.013		-0.199		
147.5		237.21			60.95			0.91		-5.62			0.001		-0.265		
150.0		239.45			45.97			0.88		-6.39			0.029		-0.346	

	
	
	
	
	
	
	
	
	
	
	



A.7	
----------------------------------------------------------------	
𝑅'':								𝑈𝑡}:							𝑈𝑡�:							𝑈𝑛}:						𝑈𝑛�:			
(𝑚𝑚)	(𝑁𝑜𝑛𝑒)		(𝑁𝑜𝑛𝑒)	(𝑁𝑜𝑛𝑒)	(𝑁𝑜𝑛𝑒)		
	75.0					0.345				-0.939					0.939					0.345		
	77.5					0.219				-0.976					0.976					0.219		
	80.0					0.150				-0.989					0.989					0.150		
	82.5					0.110				-0.994					0.994					0.110		
	85.0					0.088				-0.996					0.996					0.088		
	87.5					0.077				-0.997					0.997					0.077		
	90.0					0.073				-0.997					0.997					0.073		
	92.5					0.074				-0.997					0.997					0.074		
	95.0					0.077				-0.997					0.997					0.077		
	97.5					0.083				-0.997					0.997					0.083		
100.0				0.090				-0.996					0.996					0.090		
102.5				0.097				-0.995					0.995					0.097		
105.0				0.105				-0.994					0.994					0.105		
107.5				0.114				-0.994					0.994					0.114		
110.0				0.122				-0.993					0.993					0.122		
112.5				0.130				-0.992					0.992					0.130		
115.0				0.138				-0.990					0.990					0.138		
117.5				0.145				-0.989					0.989					0.145		
120.0				0.152				-0.988					0.988					0.152		
122.5				0.159				-0.987					0.987					0.159		
125.0				0.165				-0.986					0.986					0.165		
127.5				0.170				-0.985					0.985					0.170		
130.0				0.175				-0.985					0.985					0.175		
132.5				0.179				-0.984					0.984					0.179		
135.0				0.182				-0.983					0.983					0.182		
137.5				0.184				-0.983					0.983					0.184		
140.0				0.184				-0.983					0.983					0.184		
142.5				0.180				-0.984					0.984					0.180		
145.0				0.173				-0.985					0.985					0.173		
147.5				0.159				-0.987					0.987					0.159		
150.0				0.136				-0.991					0.991					0.136	
	
	
	
	
	
	
	
	
	
	
	
	
	

A.8	
----------------------------------------------------------------	
	𝑅'':											𝜌:														𝑋��:												𝑌��:															
(𝑚𝑚)					(𝑚𝑚)								(𝑚𝑚)								(𝑚𝑚)		
	75.0							-50.01							156.24							274.02			
	77.5							-81.38							126.06							265.54			
	80.0					-134.47									73.83							256.08			
	82.5					-228.87								-19.81							244.19			
	85.0					-419.10						-209.15							225.83			
	87.5					-924.80						-713.19							184.96			
	90.0				-4648.20			-4426.43								-89.99			
	92.5					2778.74					2981.00							448.08			
	95.0					1359.73					1565.96							342.02			
	97.5					1027.44					1234.72							315.62			
100.0						897.16					1104.92							304.46			
102.5						841.89					1049.88							299.32			
105.0						824.62					1032.70							297.60			
107.5						831.07					1039.11							298.32			
110.0						855.03					1062.91							301.16			
112.5						894.00					1101.56							306.07			
115.0						947.64					1154.72							313.26			
117.5				1017.39					1223.76							323.13			
120.0				1106.73					1312.11							336.43			
122.5				1222.09					1426.07							354.35			
125.0				1376.27					1578.21							379.34			
127.5				1593.73					1792.58							415.86			
130.0				1929.58					2123.36							474.03			
132.5				2534.37					2718.52							581.50			
135.0				4007.47					4167.20							848.63			
137.5		13705.02			13699.75				2629.90			
140.0			-6670.72				-6326.51			-1127.75			
142.5			-2281.53				-2011.28					-325.37			
145.0			-1231.31						-977.79					-138.72			
147.5					-780.40						-533.25							-63.19			
150.0					-550.09						-305.54							-28.74	
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A.9	
----------------------------------------------------------------	
	𝑅'':								𝑉𝑝}:									𝑉𝑝�:										𝐴𝑝}:						𝐴𝑝�:		
(𝑚𝑚)								(

𝑚𝑚
𝑠
)										(

𝑚𝑚
𝑠
)												(

𝑚𝑚
𝑠'

)							(
𝑚𝑚
𝑠'

)		

75.0				0.000				-0.000					155.788		-423.571			
	77.5				16.774				-74.590					-4.476		-307.449			
	80.0				14.935				-98.696					-32.683		-279.274			
	82.5				12.866				-116.251					-29.670		-275.281			
	85.0				11.594				-131.134					-16.631		-281.471			
	87.5				11.185				-144.679					-0.172		-293.200			
	90.0				11.543				-157.507					17.240		-308.587			
	92.5				12.559				-169.965					34.618		-326.809			
	95.0				14.133				-182.272					51.590		-347.529			
	97.5				16.185				-194.584					68.057		-370.676			
100.0				18.653				-207.021					84.057		-396.345			
102.5				21.488				-219.684					99.692		-424.765			
105.0				24.655				-232.666					115.103		-456.285			
107.5				28.128				-246.058					130.453		-491.386			
110.0				31.888				-259.956					145.923		-530.705			
112.5				35.926				-274.463					68.951		133.578			
115.0				37.641				-270.986					61.471		131.557			
117.5				39.204				-267.410					53.287		131.504			
120.0				40.588				-263.669					44.558		133.221			
122.5				41.767				-259.694					35.362		136.604			
125.0				42.710				-255.403					25.706		141.642			
127.5				43.379				-250.699					15.528		148.452			
130.0				43.726				-245.458					4.689		157.342			
132.5				43.684				-239.505					-7.044		168.941			
135.0				43.154				-232.580					-20.026		184.478			
137.5				41.987				-224.261					-34.765		206.328			
























